The surface states of Weyl semi-metals (SM's) consist of disjointed Fermi-arcs. This unusual surface-Fermiology provides a fingerprint of the topological features of the bulk Weyl-phase. Using a combination of semiclassical and numerical methods, we show that, in contrast to naive expectation, there are closed magnetic orbits involving the open-surface Fermi-arcs. Below a critical field strength that depends on sample thickness, these orbits produce periodic quantum oscillations of the density of states in a magnetic field, enabling a variety of experimental probes of the unconventional Fermiarc surface states. The orbits are also essential for reproducing the bulk chiral anomaly in a finite slab. These results are then extended to the closely related and recently discovered 3D Dirac SM materials, including Cd3As2 and Na3Bi, which are doubled copies of Weyl semi-metals protected by crystal symmetry. Despite the fact that the protecting crystal symmetry is broken by a surface, we show that Dirac materials can still host unconventional surface-states, which can be detected in quantum oscillations experiments.
Weyl semi-metals (SMs) are three-dimensional materials for which the bulk band-gap closes at an even-number of discrete points (Weyl nodes) in the Brillouin zone [1, 2] . Near the Weyl nodes, electrons have relativistic dispersion ε k ≈ ±v|k|. Each Weyl node acts as a monopole or anti-monopole of Berry-curvature, (i.e. a closed surface in momentum space surrounding a node will be pierced by ±2π Berry flux) and is associated with a positive or negative chirality respectively. Consequently, 2D cross sections of the Brillouin zone change Chern number by ±1 across each Weyl node, implying that a generic surface will exhibit surface states whose "Fermi-surfaces" consist of a set of open line-segments [1] [2] [3] .
These Fermi-arcs connect pairs of bulk Weyl nodes with opposite chiralities and cannot be removed without annihilating the bulk Weyl nodes. Such unusual surface-Fermiology would be impossible in a purely twodimensional system, whose Fermi-surface is necessariliy smooth, and cannot abrubtly terminate at a point within the Brillouin zone. Consequently, the Fermi-arcs serve as a surface fingerprint of the topological character of the bulk band-structure, and it is interesting to ask how they might be experimentally observed.
Traditionally, the most powerful methods of mapping out a material's Fermi-surface rely on periodic-in-1 B quantum oscillations of the density of states in a magnetic field, B. Such quantum oscillations require closed magnetic orbits for electrons at the Fermi-surface, which naively cannot arise from disjointed Fermi-arcs. This raises the interesting question: do Fermi-arcs lead to quantum oscillations?
We answer this question in the affirmative by noting that, in a slab of Weyl semi-metal of finite-thickness, closed magnetic orbits can be obtained by traversing the Fermi-arc on the top surface and returning along the corresponding arc on the bottom surface. Using semiclassical methods, we find that such closed orbits can indeed lead to periodic-in- (a) Semiclassical orbit in a magnetic field alongŷ, involving surface states that gives rise to quantum oscillations in a finite thickness slab (shown in mixed real space in y and momentum space in x, z directions; inset shows corresponding real-space trajectory); (b) bulk Landau level (LL) spectrum for a '+'-chirality Weyl node, k denotes momentum along the direction of the field; (c) periodic-in-1/B features in the density of states resulting from quantizing the orbits shown in (a). The train of peaks ends at a saturation field Bsat which scales inversely with the sample thickness L.
to traverse the bulk in order to connect top and bottom surfaces, the oscillations only occur up to a critical field strength which depends on slab thickness. For larger fields, the orbits no longer produce periodic quantum oscillations, but are important for understanding the fate of the bulk chiral Landau-levels (LLs) and associated chiral anomaly in finite systems. The semiclassical results are then validated by direct numerical simulation of the spectrum of a Weyl SM slab in a field.
Weyl SMs are theoretically predicted to occur in strongly spin-orbit coupled systems like the iridates, certain spinels and topological insulator-ferromagnet multilayers [1, 11, 17, 18 ], Yet, despite promising indications [14] , there is currently no clearcut experimental candidate. However, two recently discovered materials Cd 3 As 2 [4, 5, 10] and Na 3 Bi [6, 7, 9 ] are thought to be 3D Dirac SMs, close cousins of Weyl SMs. The bulk band-structure of these Dirac SMs consists of two superimposed copies of Weyl SMs with opposite chiralities. Ordinarily, when Weyl nodes of opposite chirality are not separated in momentum, they can mix and gap each other out. However, in Dirac SMs intermixing is symmetry forbidden, since the superimposed Weyl nodes belong to different representations of the crystal symmetry (namely, discrete screw-symmetries for Cd 3 As 2 and Na 3 Bi [6, 7, 9, 10] ).
We show that the known Dirac SM materials can have pairs of surface arcs that meet at a sharp corner or "kink" at the bulk Dirac nodes (Fig. 3a) . Such a kink would not be allowed in a purely 2D metal, and is a special feature of the crystal-symmetry-protected Weyl structure of the Dirac SM. This result is not a priori obvious, since the surfaces of interest do not preserve the symmetry that protects the bulk Dirac nodes. Despite this, we show that surface states and kink feature are perturbatively stable to the symmetry breaking potential of the surface, and can exist so long as this potential is not too strong. Applying the semiclassical results for the Weyl SM, we describe the signatures of these unconventional Dirac surface states in quantum oscillations experiments.
Semiclassical Analysis -To start, let us consider the simplest case of a single pair of bulk Weyl nodes with chiralities ±1 located at k = ±K Wẑ and a magnetic field B along the y-direction (the extension to more complicated cases is straightforward). In an infinite system, the magnetic field produces Landau-level (LL) bands that disperse only along the field direction. For k W B 1, where B = 1 √ eB is the magnetic length, the ±-chirality Weyl nodes are effectively decoupled, and the LL spectrum includes gapped, non-chiral LL bands with energies
y with n = ±1, ±2, . . . and gapless chiral modes with energies ε ± 0 (k y ) = ±vk y , for the ±-chirality nodes respectively. Now consider a slab of Weyl semi-metal that is infinite in the x-and z-directions and with finite-thickness, L, along y. Further, suppose that the slab is sufficiently thick to neglect direct tunneling between states in the center of the Fermi-arcs on the top and bottom surfaces. Initially we focus at low energies near the bulk Weyl node where the relevant states are those of the surface-Fermi arc and the bulk chiral LLs. Later, we will see that the results extend to energies well above the Weyl node where the bulk consists of two Fermi-pockets connected at the surface by .
In a semiclassical description, an electron at zmomentum k z along the Fermi-arc of the top surface slides along the arc towards the '-' chirality Weyl node according to:
Here, we have taken the velocity, v, on the Fermi-arc to be independent of k, andt k is the unit tangent vector to the arc (with orientation on top and bottom surfaces indicated by the arrows in Fig. 1a ). As an electron sliding along the top-surface arc nears the '-' bulk Weyl node, the energy gap to bulk bands vanishes. This necessarily leads to breakdown in the single-band semiclassical description in which the electron is transferred from the surface arc into the bulk. At low energies, the only available bulk states are those of the gapless bulk chiral LL [1] propagating towards the bottom surface [16] . This chiral mode acts as a one-way "conveyor-belt", transporting the electron from the Fermi-arc on the top surface to that of the bottom surface. Upon reaching the bottom-surface Fermi-arc, the electron then slides to the '+' Weyl node, where it connects with the upwards moving chiral bulk LL, thereby returning to the top surface and completing the orbit (see Fig. 1c ). Quantum energy levels can be approximately obtained from semiclassical orbits that satisfy the condition: ε n t ≈ 2π(n + γ) with n ∈ Z, where t is the semiclassical time associated with the orbit, and γ is a constant of order unity encoding low-n quantum effects. Sliding along the top and bottom Fermi-arcs takes time: t arc ≈ k0 evB where k 0 is the arc-length of the Fermi-arc. Propagation between top and bottom surfaces via the bulk chiral LL's takes time t bulk ≈ L v . Combining these expressions gives:
where zero-energy corresponds to the Weyl nodes. These magnetic orbits involving Fermi-arcs are distinguished from conventional magnetic orbits in ordinary 2D systems or in surface states of 3D systems by the dependence on the slab thickness, L. As explained below, this characteristic L dependence can be extracted by analyzing the dependence of quantum oscillations on field direction. Another peculiar and unconventional feature is that the real-space trajectory of these orbits need not enclose any area perpendicular to the magnetic field (as occurs when the Fermi-arcs are straight lines).
Quantum Oscillations -Having established the existence of quantized magnetic orbits involving Fermi-arcs we now turn to the question of whether these orbits produce quantum oscillations. Suppose we fix chemical potential µ, and vary magnetic field. Eq. 2 dictates that the n th energy level crosses µ when:
where the solution is defined only for sufficiently large n such that the right-hand side is positive. States cross µ at regularly spaced intervals in 
L where x denotes the smallest integer that exceeds x.
For fields of order a few Tesla, B ≈ 10's of nm, whereas k 0 is expected to be an atomic scale distance of order 0.1Å −1 . Hence, quantum oscillations should be observable in slabs a few hundred nm, not too stringent a requirement. Another practical issue is that of impurities. Observation of coherent quantum oscillations requires electrons to complete a magnetic orbit before scattering off an impurity: ω c τ 1 where ω c ≡ evB 2k0 and τ is the elastic scattering time. Together with the condition that B < B sat this requires that the sample thickness not greatly exceed the mean-free path: L ≡ v τ . For B > B sat the majority of the magnetic orbit takes place in the bulk, and the energy levels saturate to the field independent values: ε n (B B sat ) ≈ πvn L . Since, the bulk level structure of a thermodynamically thick slab cannot depend on particular choice of boundary conditions, to understand this result, it is useful to compare to a large system with periodic boundary conditions in y. There we expect two-sets of B-independent energy modes associated with the ± bulk chiral LL's, each with quantized energies vk y,n = 2πn L . The factor of two difference between the quantization scale periodic and open boundary conditions can be understood as follows: in the periodic boundary-condition case, the chiral LL's from the ± Weyl nodes are independent leading to a doubly degnerate tower of modes. In the finite slab, the ± chiral LL's are no longer separately quantized, since an electron propagating in the '+' Weyl nodes necessarily reflects into the counter-propagating chiral LL of the '-' Weyl node via a detour through the surface states. However, in the L → ∞ limit, such distinctions become unimportant. As essential ingredients for the existence of bulk chiral LLs in a thick but finite slab, these magnetic orbits must persist to all energies where the bulk chiral LLs are present. This expectation is indeed born out by numerical simulations (see below and App. C of [15] ).
Direction Dependence of Field So far we have considered field along the y-direction, normal to the surface. the angle or energy dependence.
Deviations from Adiabaticity -In the above treatment, we assumed that electrons slide all the way to the end of the surface arc before transitioning into the bulk. A more careful analysis (see App. B of [15] ) shows that the electron jumps off the arc before reaching the end when its momentum is within ≈ .
Numerical Validation of Semiclassical Approximations -We validate the semiclassical treatment by directly obtaining the spectrum of a Weyl semi-metal slab in a magnetic field, using the simple model Hamiltonian:
(see App. C of [15] for details). Here, σ are 2×2 Pauli matrices labeling two bulk bands,π = −i∇ − eA, A = Bzŷ is the vector potential in the Landau gauge correspond-ing to a uniform magnetic field alongŷ, and we have introduced different velocities v z along z and v ⊥ in the xy-plane for convenience. Representative results are shown in Fig. 2a as a function of slab-thickness L. The curves collapse (Fig. 2b) to the predicted semi-classical form of Eq. 2. Fig. 2c shows the energy levels and their intercept with a line of fixed energy as a function of inverse-field. The crossings are regularly spaced for small fields, and saturate to Bindependent values at large fields. For moderate fields, we observe the predicted stretching of the 1 B -period, due to departures from adiabaticity. The good agreement between semiclassics and numerics validates the semiclassical approach, which we now extend to treat quantum oscillations from surface states in Dirac materials.
Dirac Surface States -Consider the surface of a Dirac SM slab with normal along the y-direction. Such a surface breaks the crystal symmetry protecting the bulk Dirac nodes, but let us first ignore this effect. Then, there will be two sets of Fermi-arcs arising from the two copies of the bulk Weyl nodes, denoted R and R', that transform differently under crystal symmetry and generically curve in opposite directions. The surface arcs join at the bulk Weyl nodes without mixing leading to a sharp corner or "kink" in the shape of the surface-states' Fermisurface (Fig. 3a) . Such a kink would not be allowed in a purely 2D metal, and is a special feature of the crystalsymmetry-protected Weyl structure of the Dirac SM.
Next, imagine adding back the crystal symmetrybreaking effects of the surface. The surface states are clearly stable to a weak crystal symmetry-breaking potential away from the Dirac nodes where the two surface arcs are separated in momentum. Interestingly, the perturbative protection extends all the way to the bulk Dirac node, since the surface wave-function becomes extended into the bulk near the bulk Dirac-points and is no longer affected by the surface (see App. D of [15] ). Therefore, when the symmetry-breaking potential of the surface is not too strong, the surface arcs survive and their Fermisurface retains the unconventional "kink"-discontinuity. On the other hand, a sufficiently strong surface potential can reconstruct (Fig. 3b,c) or even entirely remove (Fig. 3d ) the surface states.
In the following section, we consider the case where the surface states are connected to the bulk Dirac-points (Fig. 3a or b) , and ask whether these unconventional kinked Fermi-surfaces lead to quantum oscillations in a magnetic field.
Quantum Oscillations from Dirac Surface StatesFor Cd 3 As 2 and Na 3 Bi, an applied magnetic field along any axis besides z− breaks the discrete rotation symmetry protecting the Dirac nodes. Consequently, the bulk chiral LLs for the two sets of overlapping Weyl nodes are mixed by the field, and develop a gap ∆ B ≈ CeB 1 − (B ·ẑ)
2 , where C is a material parameter (see ΩB-1 App. E of [15] ). Henceforth, we will refer to this effect as RR'-mixing. States with energies ε > ∆ B are unaffected by this gap, and the magnetic orbits proceed as two independent copies of the Weyl orbits. For ε < ∆ B , the RR'-mixing can back-scatter electrons between segments 2 ↔ 3 and 3 ↔ 2 of the orbits in Fig. 3a , characterized by the length
If the distance travelled through the bulk is much less than M , i.e.
L |B·ŷ| M , then the RR'-mixing does not typically occur before the electron traverses the bulk. In this case, the mixing is ineffective and the magnetic orbits for each Weyl copy occur essentially independently.
On the other hand, if L |B·ŷ| M , the electrons penetrate only distance M into the bulk before returning to the same surface (but switching copies). Then, the orbits occur separately on each surface. The time to traverse such a semi-classical orbit is t ≈ 2k0
where the second term accounts for the time virtually spent in the bulk chiral LLs. Applying the semi-classical quantization condition leads to the corresponding energy levels:
where we have defined an effective cyclotron mass:
The density of states at fixed energy, µ, has periodic-in-1/B oscillations with period Ω B −1 = e/µm eff c
Evolution of Quantum Oscillations as a Function of Field Strength -In a typical quantum oscilla-tions experiment, one maps the density of states a fixed reference energy µ, ν(µ), as a function of inverse field strength, 1 B . For small B ( B sat,mix ), the R and R' orbits are isolated and quantum oscillations occur with period corresponding to Eq. 2. For large field, B B mix , and ε ∆ B , the copies are mixed and the orbits occur separately on top and bottom surfaces. The detailed crossover behavior depends on two characteristic field scales: 1) the field scale at which the energies of the isolated orbits 1234 and 1 2 3 4 saturate and become roughly independent of field: 1 eBsat = L/k 0 and 2) the characteristic scale at which the slab thickness L exceeds the inter-copy mixing scale M :
Denote the ratio of these to scales by: β ≡ Bsat Bmix . If β < 1, there is a re-entrant behavior where quantum oscillations occur for B < B sat and B > B mix , but cease in the intervening regime B sat < B < B mix where energy levels have only weak field dependence. If β > 1, B mix pre-empts B sat , and there are quantum oscillations for all fields. At large fields, B B mix , there are two sets of identical energy levels on the top and bottom surface (corresponding to semiclassical orbits 11 and 33 of Fig. 3a ) whose energies are given by Eq. 5. As B is decreased through B mix , the 11 and 33 orbits hybridize through the bulk and split with scale Γ ∼ e −2L/ M . For B B mix , the levels recombine into those associated with the two isolated orbits 1234 and 1 2 3 4 (see Fig 3a) . The crossover can be continuously probed in a single sample by varying the field-direction.
Discussion -To summarize, by a combination of semiclassical analysis and direct numerical solution, we have demonstrated that up to a critical field-strength that is inversely proportional to sample thickness, the surface Fermi-arcs of Weyl semi-metals contribute periodic-in-1/B quantum oscillations in the density of states. Similar quantum oscillations can occur from arc-like surface states in Dirac semi-metals. In both cases, density of states oscillations in a field provide experimentally testable fingerprints of the unconventional Fermiology of the Weyl and Dirac surface-states. 
Appendix A. Spectrum of a Semi-Infinite Weyl SM Slab
A slab of Weyl SM, infinite in the x-and z-directions, and semi-infinite in the y-direction, filling the y > 0 half-plane, can be modeled by Eq. 32.
For the purpose of these appendices, it will be sufficient to linearize the dispersion in the vicinity of a single Weyl node. For definiteness and simplicity, we show the results only for a single chirality Weyl node, ignore any velocity anisotropy and choose units where the Weyl velocity v is unity (factors of v can easily be restored later by dimensional considerations). With these simplifications, the linearized Hamiltonian is:
where M (y) = M for y < 0, M (y) = 0 for y > 0, and we take implicitly work in the limit M → ∞ to model the interface with vacuum or a large-gap trivial insulator. Appropriate boundary conditions at y = 0 are determined by solving for eigenstates of H in the y > 0 regime, and then taking M → ∞. The results in the boundary condition:
There are surface states for k z < 0 with wave-function:
with energy k x . In What follows, we will consider only k x = 0 for simplicity. To obtain the spectrum and wave-functions of extended bulk states, it is useful to re-write the Hamiltonian (with k x = 0) as:
The eigenstates with energy ±E are:
We need to superpose Ψ ± (p) with Ψ ± (−p) to match the boundary conditions at y = 0. For example, for Ψ + :
which requires:
. Here L y is the length in the y-direction (to be taken to ∞).
Similar expresssions can be found for the −E solutions.
Appendix B. Diabatic Corrections to Semi-Classics
In this section, we develop a perturbation theory method for systematically computing corrections to adiabaticity. We would like to estimate how close (in momentum space) an electron sliding along the surface Fermi-arc gets to the bulk Weyl node before transitioning to the bulk. Denote this quantity by δk(B). Before entering a detailed calculation, it is useful to note that, for k 0 B 1, the magnetic field can induce transitions from surface Fermi-arcs to bulk states only very near the bulk Weyl node. Close to the bulk Weyl node, the zero-field spectrum is scale invariant, and the only lengthscale in the problem is B . Hence, by dimensional considerations, the only possible answer is that δk(B) is equal to −1 B times a universal constant. Indeed, a more detailed calculation below will confirm this general argument.
Time-Evolution in the "Adiabatic Picture"
For a given time-dependent Hamiltonian H(t), it is natural to define the "adiabatic picture" (Apicture) eigenstates by absorbing the adiabatic part of the time-evolution into the Heisenberg picture (time-independent) eigenstates of H(t = 0):
where T indicates time-ordering, and {|Ψ i,n (t) } are the instantaneous eigen-states of H(t) (i.e. the eigenstates of the time-independent Hamiltonian H ≡ H(t)). This time-evolution would be exact in the adiabatic limit, and the A-picture simplifies the computation of perturbative corrections for nearly adiabatic evolution. The time-evolution operator in the A-picture becomes:
where:
For adiabatic evolution, the first term is vanishingly small, and the second-term is simultaneously diagonalized by the same states for all times. The leading-order diabatic correction may be obtained by treating the first term as a (time-dependent) perturbation in the usual way, by moving to the interaction picture with respect to U i (t, 0)H(t)U i (t, 0)
† .
In the basis of instantaneous eigen-states of H(t):
where we have assumed a gapped spectrum to expand instantaneous eigen-states at t + δt in terms of those at t perturbatively in ∂ t H(t) ≡Ḣ.
[
The amplitude for inducing a diabatic transition from an initial instaneous eigenstate 0 to a different state m, to leading order in H dia is:
and the probability of any diabatic transition is then:
Application to Weyl Semi-Metal in a field
The effect of a magnetic field forcing an electron to slide along a Fermi-arc can be roughly modeled by taking to k z be time-dependent:
B . For simplicity, let us choose a guage in which k x is a good quantum number, and restrict our attention to k x = 0. Henceforth, we will ignore anisotropy in velocity and choose units where v = 1.
Using the results from Appendix A, the relevant quanties for computing the transition probability P (t) are: 
Combinging these expressions into Eq. 22 gives:
The dominant contributions to the time integral in c
m come from p k. For k(t) > k , when the electron is far from the bulk Weyl node and the bulk gap is large, the phase factor e iϕ(t) is rapidly oscillatory, and the probability of diabatic transition is exponentially small (∼ e −k(t) 2 /k ). As k(t) becomes small the bulk gap closes and the transition probability diverges logarithmically:
B . This indicates that the magnetic field causes an electron, initially on the surface Fermi-arc, to transition into the bulk states when the electron's momenta comes within ≈ −1 B of the bulk Weyl node.
Appendix C. Details of Numerics
The Weyl SM slab in a field is modeled by Eq. 32 with A = Bzŷ is the vector potential in the Landau gauge corresponding to a uniform magnetic field alongŷ. In this gauge, x-momentum is a good quantum number, which just sets the location of the guiding center for the Landau orbits, and can be taken as zero without loss of generality. Then, we introduce Landau-level raising and lowering operators via:
which satisfy canonical commutation relations a, a † = 1. It is convenient to divide Eq. 32 into anti-commuting pieces, H = H y + H ⊥ where:
Since H y and H ⊥ anti-commute, eigenstates of the full Hamiltonian H = H y + H ⊥ can be constructed from the separate knowledge of the eigenstates and energies of H y and H ⊥ . Eigenfunctions of H y have the form ∼ e ±iky . Real values of k y correspond to extended plane-wave like states, whereas purely imaginary k y correspond to surface states bound to either the top-(Im k y > 0) or bottom-(Im k y < 0) surface respectively. Eigenstates of H ⊥ are obtained numerically, by truncating the Hilbert space to keep only a finite number of Landau-Levels [19] . States corresponding to the semiclassical orbit of Fig. 1 are a mixture of extended bulk states with real k y and surface bound-states with purely imaginary k y .
The states of the reduced Hilbert space of H ⊥ for fixed guiding center position are then labeled by orbital index, e.g. σ y = ±1, and LL oscillator level n (defined by a † a|n = n|n ). The eigenstates of H ⊥ are difficult to obtain analytically, but can easily be obtained numerically, by truncating the Hilbert space to keep only a finite number of |n with n < N max [19] . Let us denote the positive energy eigenstates of
(in the basis where σ y is diagonal), having energy ε ⊥,m > 0.
Since σ y H ⊥ σ y = −H ⊥ , the spectrum of H ⊥ is particle-hole symmetric, and hence negative energy eigenstates can be obtained from positive energy ones by flipping the sign of g.
Even though k z is no longer a quantum number in the presence of a magnetic field, the magneticfield effectively smears k z by size −1 B , and for k 0 B 1, the bulk Weyl nodes are well isolated from one another. In this case, H ⊥ will also have zero-mode solutions, corresponding to the bulk chiral n = 0 LLs. These are necessarily σ y eigenstates due to the particle-hole symmetry of H ⊥ . Eigenfunctions of H y are easily identified as e isky |σ y = s = ±1 , corresponding to eigenvalue ε y = ss v ⊥ k y . Real values of k y correspond to extended plane-wave like states, whereas purely imaginary k y correspond to surface states bound to either the top-(Im k y > 0) or bottom-(Im k y < 0) surface respectively.
Since H y and H ⊥ anti-commute, eigenstates of the full Hamiltonian H = H y + H ⊥ can be constructed from the separate knowledge of the eigenstates and energies of H y and H ⊥ . Specifically, the eigenstates of H have particle-hole symmetric spectrum with energies: E (±) ky,m = ε 2 y + ε 2 ⊥,m . For ε ⊥ = 0, there are four corresponding eigenstates of the form:
where s, s = ±.
Only certain superpositions of such eigenstates will satisfy the boundary conditions at the bottom (y = 0) and top (y = L) surfaces of the slab. The proper boundary conditions can be identified by treating the vacuum (y < 0 and y > L) as an ordinary band-insulator with large gap. Equivalently, we can add a mass term to Eq. 32 of the form M (y)σ z , where M (y) = 0 inside the slab, and M (y) = M 0 > 0 outside the slab. Continuity of the wave-functions at the slab-boundaries, upon taking the limit M 0 → ∞, require that Ψ(y = 0, L) be eigenstates of σ x with eigenvalues ±1 respectively.
As usual, these boundary conditions can only be satisfied for a discrete set of energies, E, by superposing approriate linear combinations of Ψ The chiral bulk LL's with ε ⊥ = 0 cannot, by themselves, be superposed to match the required boundary conditions, since appearance of zero modes in H ⊥ requires good isolation between the ± Weyl nodes. Under these conditions the upward moving n = 0 LL from the '+' Weyl node cannot reflect directly into the opposite downward moving mode from the '-' Weyl node. However, we can construct low-energy eigenstates that are mixtures of the ε ⊥ = 0 extended states and surface bound-states with purely imaginary k and ε ⊥ > 0:
where s = ±1, m > 0, and κ m = ε 2 ⊥,m − E 2 . Such states are precisely those described by the semiclassical orbit of Fig. 1 . The boundary condition matching condition for these hybrid surface/bulk orbits can be written as a homogenous linear equation for γ s,m of the form:M (E)γ = 0 whereM (E) is a matrix that depends on E. Allowed energies, E, can be found by numerically varying E to search for a vanishing singular value ofM (E).
Some representative results are shown for energies below that of the lowest non-chiral bulk LL in Fig. 2 of the main text. Fig. 5 above shows a broader range of energies. By inspection, one can clearly see the levels corresponding to mixed surface-arc and bulk chiral LL orbits persist to higher energies, coexisting with the bulk non-chiral LL's. The states involving surface-arcs will have larger weight compared to bulk levels on the surface, and are expected to be more visible in surface-sensitive probes like tunneling (as opposed to probes that are not surface selective like Shubnikov-de Haas oscillations of electrical conductivity).
in Fig. 3a,b of the main text. If |V C (k z )| > |∆(k z )| for all k z along the arc, then the surface arcs take the form of Fig. 3a . If |V C (k z )| > |∆(k z )| for k z near each Dirac node, but |V C (k z )| < |∆(k z )| for some interval between the two Dirac nodes, then the surface arcs have a sharp corner at the Dirac nodes, but are reconstructed in the middle as shown in Fig. 3b .
On the other hand, if |B| < |∆ 0 |, the arcs are gapped out near the Dirac nodes. If |V C (k z )| < |∆(k z )| for the entire range of k z between the bulk Dirac nodes, then there are no surface states at zero-energy Fig. 3d . If, |V C (k z )| < |∆(k z )| only near the Dirac nodes, but |V C (k z )| > |∆(k z )| for some interval between the nodes, then a conventional surface state, decoupled from the bulk and with a smooth Fermi-surface can occur as shown in Fig. 3c .
Different Surface State Structure on Top and Bottom Surfaces
In the main text, we have assumed that both the top and bottom surfaces of the Dirac SM exhibit the same surface-state structure. In general, this need not be the case, as the two surfaces can have very different environments (e.g. the top surface could be exposed to vacuum while the bottom sits on a substrate).
We have seen that the unconventional "kinked" surface-states of Fig. 3a ,b can exhibit quantized magnetic orbits involving the surface-arcs of both surfaces, connected through the bulk states. What happens to these orbits when only one surface exhibits surface-states that are connected to the bulk? This puzzle is resolved by noting that an electron can traverse the R-arc on the top surface, connect to the bulk chiral LL, propagate to the bottom surface, and reflect into the counter-propagating chiral LL via a virtual detour into the gapped surface states of the bottom surface. The quantized energy levels stemming from this orbit and for various other combinations of surface-state structure can all be readily found by applying the semiclassical methods described in the main text.
Magnetic-Breakdown in Dirac Surface States
The magnetic field mixes the R and R' orbits, characterized byenergy scale C −2 B , can cause a state sliding along the R Fermi-arc to bypass the bulk nodal point and jump directly between the R' Fermi-arc and skip over the nodal region and detour into the bulk entirely. The field scale at which such magnetic-breakdown type processes become important can be estimated as follows: the field 'blurs' momentum by δk ≈ For B B break-down , cyclotron motion can occur entirely in the surface arcs, with no detour into the bulk, corresponding to effectively cyclotron mass m eff c ≈ 2k 0 /πv| sin φ| (compare to Eq. 6, there is no 1 2πC offset).
Appendix E. Landau Level Structure of Dirac Semimetals
We consider a Dirac semimetal in a tilted field which breaks the space group symmetry associated with the band degeneracy. We show how, together with higher order (symmetry allowed) terms in the Dirac Hamiltonian, the tilted field mixes and gaps out the n = 0 chiral Landau levels at each Dirac point. Throughout this section, we parameterize the field in polar coordinates, with the polar axis,ẑ chosen as the axis of symmetry that protects the Dirac nodes: B = B [cos θẑ + sin θ (cos φx + sin φŷ)]
Low-Energy Hamiltonian for Na3Bi and Cd3As2
While the space groups of Cd 3 As 2 and Na 3 Bi are different, they crucially both contain a symmetry operation of a screw-rotation around the z-axis. (For Cd 3 As 2 this is a four-fold C 4 rotation coupled to translation by 1/4 a lattice vector; for Na 3 Bi this is a six-fold C 6 rotation coupled to translation by 1/2 a lattice vector.) Thus for momentum points along the Γ − Z line (k x = k y = 0) the bands may be labelled as particular representations of the rotation symmetry. Any degeneracy between bands transforming as different representations is then protected by the crystal symmetry. For both Cd 3 As 2 and Na 3 Bi it indeed happens that the conduction and valence bands transform as different representations (J = 1/2, J z = ±1/2 and J = 3/2, J z = ±3/2 Kramer's doublets) and do cross at k = ±k 0ẑ , resulting in a pair of symmetry-protected Dirac points.
The resulting low energy theories at these band crossings have an identical form for Cd 3 As 2 and Na 3 Bi, differing only by particular values of parameters, and are given in Refs. [9, 10] . The low energy Hamiltonian for the k = +k 0ẑ Dirac point is H = H 0 + H , where
The Hamiltonian for the −k 0ẑ Dirac point is given by k 0 , k z → −k 0 , −k z . Here, µ matrices relate the two symmetry-distinguished bands (µ 3 = ±1 eigenstates correspond to J = 3 2 , 1 2 respectively), while σ relate the Kramer's doublet degree of freedom for each band (σ 3 = ± corresponds to J z J = ±1). For simplicity we have here taken the velocity v at the Dirac point to be isotropic; any anisotropies can be absorbed into rescaling the coordinate system used to measure the magnetic field. An important note on H as written above is that the momentum k z is measured from the Dirac point; the displacement K z from Γ is then K z = k 0 + k z . As we discuss below, this becomes an especially useful coordinate choice when we introduce a magnetic field, since we will take a magnetic field small enough so that 1/ B << k 0 and the two Dirac points don't mix.
Choice of Landau level ladder operators
Under minimal coupling k → k − qA to a magnetic field B, momentum operators gain a commutation relation [k a , k b ] = iqB a×b . We consider a field tilted from the high symmetry z axis by an angle θ; The result is invariant under rotations in the x, y plane. Specifically, take the field to be B = B [cos(θ)ẑ + sin(θ)ŷ] .
